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ABSTRACT 



We study some aspects of dyonic non-supersymmetric black holes of four dimensional 
= 1 supergravity coupled to chiral and vector multiplets. The scalar manifold can be 
considered as a one-parameter family of Kahler manifolds generated by a Kahler-Ricci 
flow equation. This setup implies that we have a family of dyonic non-supersymmetric 
black holes deformed with respect to the flow parameter related to the Kahler-Ricci soli- 
ton. We mainly consider two types of the black holes, namely extremal dyonic Reissner- 
Nordstrom-like and Bertotti-Robinson-like black holes. In addition, the corresponding 
vacuum structures for such black holes are also discussed in the context of Morse-Bott 
theory. Finally, we give some simple (DP"-models whose superpotential and gauge cou- 
plings have the linear form. 



-'^email: bobby@fi.itb. acid, fpzen@fi.itb. acid, arianto@upi.edu 



1 Introduction 



Some intensive studies have been done by two of the authors in exploring the nature of 
sohtonic solutions such as domain walls of four dimensional = 1 supergravity coupled 
to chiral multiplets P El [31 E] B In those papers, we consider in particular BPS domain 
walls of = 1 supergravity in which the scalar manifold can be viewed as a one-parameter 
family of Kahler manifolds generated by the Kahler-Ricci flow equation [U [TJ E] □• In other 
words, we have the chiral = 1 theory on Kahler manifolds whose volume is not fixed 
and so, the manifold evolves with respect to a real parameter, say r. This setup implies 
that BPS equations depend on r describing a family of BPS domain walls. Moreover, the 
flow parameter r indeed controls the stability of the walls near Lorentz invariant vacua. 

In this paper we continue the study by considering another type of solutions, namely 
black hole solutions. Moreover, those objects belong to the class of solitonic solutions of 
four dimensional N = 1 supergravity coupled to chiral and vector multiplets on a Kahler- 
Ricci soliton regarded as a one-parameter family of Kahler manifolds. In particular, the 
black holes are non-supersymmetric and admit a spherical symmetry. Additionally, since 
the vector multiplets present, so the black holes may have both electric and magnetic 
charges. Such objects are called dyonic black holes. Similar to the case mentioned above, 
as consequences of the setup, thus we have a family of non-supersymmetric, dyonic, and 
spherical symmetric black holes. 

In order to obtain such black holes, one has to solve a set of equations of motions such 
as the Einstein field equation, the gauge field and the scalar field equations of motions by 
varying the A^ = 1 supergravity action with respect to the metric, gauge fields, and scalar 
fields on the spherical symmetric metric together with an additional necessary condition, 
namely the variation of the flow parameter r vanishes @. The analysis of the equations of 
motions shows that there is an additional potential called black hole potential [12j beside 
the scalar potential. These potentials play an important role in analyzing the nature of 
black holes and the corresponding vacuum structures. 

Here, we intensely study some aspects of the black holes where the scalar fields are 
frozen with respect the spacetime coordinates. For such black holes, we refer to as ex- 
tremal black holes. Moreover, the extremality further follows that there exits a vacuum 
structure which can be viewed as a submanifold of Kahler manifolds. Unlike domain wall 
cases in [H [21 [3], since we couple vector multiplets to the theory, so we have generally 
a family of submanifolds which depends on electric and magnetic charges, and deformed 
with respect to the flow parameter r. The shape of these submanifolds depends on the 
type of black holes and can be characterized by the dimension and the Morse-Bott index 
extracting from the Hessian of the potentials which could be both the black hole and the 
scalar potentials or a potential formed by them [§. 

In the present paper, we mainly focus on two kinds of dyonic spherical symmetric black 
holes. The first kind is called a family of extremal dyonic Reissner-Nordstrom-like black 
holes whose backgrounds have to be a family of four dimensional Einstein geometries. 
The corresponding vacuum structures of the model are the critical points of both the 

^We particularly study properties of BPS domain walls from a chiral multiplet in [S]. 
•^Interested reader can further consult some excellent reviews of the subject, for example in [9l llO[[TT| . 
"^This necessary condition could also be applied in more general cases such as non-supersymmetric 
theories. For example, this has been considered in the case of BPS-like domain walls [3]. 
^See Section m and [5] for details. 
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black hole and the scalar potentials. In this case, as we will see later, the flow parameter 
r may determine the nature of backgrounds which could be de Sitter (dS), Minkowski, or 
anti-de Sitter (AdS). 

The second kind is called a family of extremal dyonic Bertotti-Robinson-like black 
holes. Such black holes are occurred near horizon and the geometry is a product of two 
families of surfaces, namely the families of two dimensional surfaces and two-spheres. We 
particularly consider the case where the two dimensional surfaces are the family of Ein- 
stein surfaces with positive entropy. The vacuum structures for this case can be viewed 
as the critical points of so called effective black hole potential formed by the black hole 
and the scalar potentials. 

The organization of this paper can be mentioned as follows. In Section [2] we discuss 
some aspects of four dimensional N = 1 supergravity coupled to chiral and vector mul- 
tiplets. In particular, as mentioned above, the = 1 theory on Kahler-Ricci solitons. 
Then, in Section [3] we derive a set of equations of motions including the Einstein field 
equation, the gauge field and the scalar field equations of motions. Section H] is devoted 
to exploit some properties of extremal dyonic Reissner-Nordstrom-like black holes and 
their vacuum structure. Next, we consider another type of black holes so called extremal 
dyonic Bertotti-Robinson-like black holes together with their vacuum structure in Section 
m We give some simple models for those types of black holes in Section [61 Finally, we 
conclude our results in Section [71 



2 = 1 Supergravity Coupled To Vector Multiplets 
on Kahler-Ricci Soliton 

In this section we consider some properties of four dimensional = 1 supergravity 
coupled to vector multiplets on a one-parameter family of Kahler manifolds generated by 
a Kahler-Ricci soliton satisfying [6l [7] 

-j^iz, z- r) = -2%(z, z-t), 0<r<T, (2.1) 

where r G IR and the indices i, j run from 1 until the dimension of the Kahler-Ricci soliton. 
Here, we only consider the "ungauged" case in the sense that we omit the isometrics of 
the Kahler-Ricci soliton. 

The A^ = 1 theory contains a gravitational multiplet coupled with riy vector and ric 
chiral multiplets. The gravitational multiplet has a vierbein e° and a vector spinor ip^ 
where a = 0, ...,3 and /i = 0, ...,3 are the fiat and the curved indices, respectively. A 
vector multiplet consists of a vector and its spin-| fermionic superpartner A, whereas 
the field ingredients of a chiral multiplet are a complex scalar z and a x- 

The construction of the local A^ = 1 theory on a Kahler-Ricci is as follows. First, 
we consider the Lagrangian in ^T3[ I14j^ as the initial Lagrangian at r = 0. Then, by 
replacing all couplings that depend on the geometric quantities such as the metric gij{0) 

^Here, we rather use the convention in [13]. 
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by the soliton g^-^{T), the bosonic parts of the Lagrangian has the form 

+ g,^{z,z;T)d,z'd''z^ -V{z,z;t) , (2.2) 

where Mp is the Planck mass. The quantity R is the Ricci scalar of the four dimensional 
spacetime. The scalar fields {z, z) span a Hodge-Kahler manifold endowed with metric 
gij{z,z;T) = didjK{z,z;T) satisfying (12.11) with K{z,z;t) is a real function called the 
Kahler potential. In this case we have i,j = l,...,nc- The gauge field strength and its 
dual are defined as 

^llu = 2 ^^^"^^ ~ ^i^^^) ) 

respectively. The gauge couplings T^as and Tas are given by 

Xas = ImA^E, (2.4) 

withTVAs are arbitrary holomorphic functions, namely A/as = ■^KT.i.z) and A, S = 1, n^,. 
Moreover, in order to have a consistent theory the gauge coupling matrix M must be 
invertible. The = 1 scalar potential V{z, z; r) has the form 



(2.5) 



where W is a. holomorphic superpotential, K{t) = K{z,z;t), and ViW = diW + 
iK,iT)/M],)W. 

The Lagrangian (12. 2p is invariant under the following supersymmetry transformations 
up to three-fermion terms 

Si^i. = Mp (^D^e, + ie^(-)/2*^^ Wj^e' + ^g,(r)ei^ , 



1 
2 



= 7t(-^A - i-^^.)7^^ei 



6x' = id.z'Y^ +N\T)e^, (2.6) 



K = -^(^i.7V+^^7%) 
6z' = t^i , 



where A^*(r) = e^^'^^^^^^p g''^{T)'VjW, g'^^i^r) is the inverse of gqir), and the f/(l) con- 
nection Qyij) = — {Kiij) djyZ"^ — K^ij) dyZ'^Y addition, we have also introduced ei = 
ei(x,r). 
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3 Dyonic Black Holes: The Equations of Motions 



In this section we mainly discuss some aspects of the equation of motion derived from the 
Lagrangian f l2.2p . namely the Einstein equation together with the equation of motion of 
the vector and the scalar fields. In particular, the four dimensional metric ansatz is set 
to be static and spherical symmetric. 

Let us first consider the equations of motion of the fields which can be obtained by 
varying the action related to the Lagrangian (12. 2p with respect to g^y, A^, and 2;* and 
also, applying the necessary condition that the variation of the flow parameter r vanishes. 
The results are the Einstein field equation 

Rtiu - ]^9i,yR = gij{T){df,z'duZ^ + dyz'df.z^) - gfj{T) g^^dpZ^d^z^ 

+ 4 7^As ^^p-^.';^?^'^ - ^7M^7^As :f^„:f^\p" + g,yV{T) , (3.1) 

where V{t) = V{z, z; r), the gauge field equation of motion 

du (^'^"'"^v^e^Aip.) = , (3.2) 
and the scalar field equation of motion 



■d, {y^gg^''dj)+d-,g,^{T)dJd-z^ = d(R^^T';^^T^\^^^dCLKT.Tl,T'^\^^-d,V{T) , 

(3.3) 



where g = det{gp^u)- Moreover, we also have the Bianchi identities 

^.(^^^'"^v^-^^.) = 0, (3.4) 



from the definition of JF^. 

Then, our interest is to solve the equations (I3.ip - (I3.3I) on the background where the 
four dimensional metric ansatz admits static and spherical symmetric given by 

ds^ = e^("'^) dt^ - e^('^'") dr^ - e^^'^^^ {d9^ + sin^O d^^) , (3.5) 

where A{r, r), B{r, r), and C{r, r) are generally assumed to be r-dependent functions. In 
other words, the above ansatz defines a one-parameter family of spherical static metrics 
with respect to r. It is worth mentioning that in general a redefinition of the radial 
coordinate r cannot be employed since all of the functions vary with respect to r and 
in addition, the ansatz (13.51) may have a singularity at finite r. However, there are two 
particular situations where one can redefine r. The first case is when all functions do not 
depend on r, while the second case is that we can do the redefinition of r at a particular 
value of r. The latter case is so because we have a one-parameter family of spherical 
symmetric geometries in which there possibly exists a topological changes of the shape of 
geometries described by the ansatz (13. 5p with respect to the flow parameter r. We will 
back to this issue in Section |H 

Let us first investigate the gauge field equation of motions (13. 2p together with the 
Bianchi identities (13.41) . We simply take a case where the nonzero electromagnetic field 



^The metric ansatz here is similar to |15) for the N = 2 supergravity case and all of them depend only 
on the radial coordinate r, namely A{r), B{r), and C(r). 
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strength components are JF^ and JF^. Then, solving the Bianchi identities (13.41) we find 
J-'qi = J-'oi{r) and JF^ = ^23 (^)- These imply that the solution of (13.21) on the spacetime 
metric (13.51) has to be 

^4 = -^/sin^^, (3.6) 

where q\ and are the electric and magnetic charges, respectively [15] . In addition, the 
charges and g^ are real constants. 

Inserting the metric ansatz (13.51) together with (13.61) into the equations of motion (13. ip 
and (13. 3p . we obtain the following equations 

- e-^ (c" + lc''-^ C'B'^ + e-^ = e"^ g^iT)z^'z^' + e-'^V^n + V{t) , 

-I C Q C + + e^-^ = -g^{T)z^'^' + (c-^^^/bh + V{r)) , 

e-^ [a' + C" + ^(^' + C")(A' -B') + \ C"^ = ^7.j(r)/'z^^' - e-'^V^n + Vir) , 

gf^ir) z^" + a^^7,j(r) + 1 (A' - 5' + 2C") ^/,j(r) = (c-^^S.^bh + 5.V^(r)) , 



(3.7) 



where we have also assumed 2;* = 2;*(r, r) and z^' = dz^jdr. The scalar function Vbh is 
defined as 

V^^^-hgq)M il \ , (3.8) 



2 w ^/ \^ g 
which is called the black hole potential |12j where 

, . / 7^ + J7^-lJ -J7^-l \ 

-n-'i n-^ )■ ^3.9) 

The function V{t) is the scalar potential (12. 5p . Note that in this case we have Vbh > 0, 
while V{t) G 1R and is assumed to be well-defined for finite t ^ tq where tq is a singular 
point of the geometric fiow (12. ID . In order to have a well-defined theory, one has to set 
the matrix (13.91) to be invertible. In this paper we assume that = if all charges 
vanish. 



4 Extremal Dyonic Reissner-Nordstrom-like Black Holes 

In this section we consider a case where the scalar fields are frozen with respect to 
the radial coordinate r, namely z^' = 0. In particular, the geometry of black holes is 
taken to be similar to the Reissner-Nordstrom spacetime, namely a family of extremal 
dyonic Reissner-Nordstrom-like spacetimes which are non-supersymmetric. We organize 
this section into two parts. First, we consider some general aspects of dyonic Reissner- 
Nordstrom-like black holes in various backgrounds. Then, in the second part the relation 
between vacuum structures and Morse theory will be discussed in detail. 
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4.1 General Picture 



Within the ansatz (13.51) . in order to obtain the extremal generahzed (dyonic) Reissner- 
Nordstrom-hke black hole one has to set 

z" = 0, 

O^Vbu = 0, (4.1) 
d.Vir) = 0. 

The second equation in (14. ip defines critical points of the black hole potential I^bh in 
which we have generally ZqIq, q). However, there is also a possible case where 

diUA^ = ^ d,VBu = 0, (4.2) 

which means that means that the critical points of the black hole potential Vbh are also 
the critical points of the gauge couplings A/as, namely Zq. Meanwhile, the third equation 
in (14.11) implies Zq{t). We will discuss some aspects of (14. ip in the next subsection. 
In addition, in this region the function C (r, r) simply takes the form 

C(r,r) = 21nr + lna(r) , (4.3) 

where (T(r) is an arbitrary function of the flow parameter r and related to the area 
deformation of the two-sphere S"^ since the terms dO"^ + sm'^Odcj)'^ in the ansatz (13. 5p 
describe the two-sphere 5^ ~ (SP^. In other words, 2nc-dimensional Kahler-Ricci solitons 
described by (12. ip may induce the area deformation of S'^ which might also cause a 
topological change of the black hole geometry. However, the form of C (r, r) in (14. 3 p 
shows that we always have 

(T(r) > , for all r . (4.4) 

We have two examples as follows. First, if (3"(r) is flxed for all r, say 6"(r) = 1, then there 
is no area deformation of S"^ caused by the soliton (12. ip . Second, if we take 

(j(r) = 1 - 4r , (4.5) 

then the 2nc-dimensional Kahler-Ricci soliton described by (12. ip induces a two dimensional 
Kahler-Ricci soliton on 5*^ which diverges at r = 1/4. For r < 1/4, one has 5*^ with the 
constant A2 = 2 and the signature of the metric (13.50 is (+, — , — , — ). On the other hand, 
for T > 1/4, the flow changes to 5*^ with new constant A2 = —2 and the signature of 
the metric (13.50 becomes (+,+,+,—). Therefore, the condition (14.40 forbids the latter 
situation and we only have r < 1/4. 

Let us flrst mention the case for uncharged black holes, namely = Qa = for all A, 
which are useful for our analysis in this section. 

Lemma 4.1.1. For uncharged extremal black holes satisfying (^7^, the black hole geom- 
etry is a family of four dimensional Einstein manifolds. 

The above Lemma further restricts the solution of (13. 7p in order to get a consistent theory. 

Now, we discuss the solution of the equation of motions (13. 7p in the extremal condition 
(14.10 by writing down the following results. 



6 



Theorem 4.1.2. Suppose po = [zo{g, q; r), Zo{g, q; r)) is a vacuum satisfying ^.1^ . Then, 
at Pq the solution of the equation of motions ^3. has the form 



ds^ = A(r, r) dt"^ - A(r, r)-^ dr^ - a^Ty {dO^ + sin^O d(j)^) , (4.6) 

with 



A(r, r) = air)-' ^ + - -Vo{t) , (4.7) 



where we have defined 



VUr) = Vbh(po), 
Voir) = V{po;r). (4.8) 



Proof. Inserting (14. ip and (14. 3p into ( 13. 7p and after some computations we finally obtain 
a general form 



A(r,r) = a(r)-^^^ + 6(r) 



0""^ r 6 



(4.9) 



Then, using Lemma [4 . 1 . 1 1 and by simply taking 6(r) = 1 for all r we have a(r) = ct{t) ^. 

□ 

It is easy to see that the metric (14.61) does not preserve supersymmetry because the 
supersymmetry transformations (12. 6p do not vanish on the background (14.61) . Note that 
M (r) is the black hole's mass and M(r) > which evolves generally with respect to r. 
On the other side, the black hole potential V^bh(''") > ^h(''") ~ when all 

charges vanish. 

Some comments are as follows. In general, the cosmological constant Vo{t) may deform 
with respect to r for r 7^ tq. We have three different backgrounds, namely de Sitter (dS) 
for Vo(r) > 0, Minkowskian for Vo(r) = 0, and anti-de Sitter (AdS) for Vo(r) < 0. 
However, as we shall see in Section [6] there exists a model where Vq{t) does not depend 
on r at a particular point |^. In addition, the metric (14.61) generally becomes Einstein in 
asymptotic region, namely around r — > +00, for finite M(r), ^bh('^) Vo{t). 

Let us turn our attention to discuss some aspects of black hole thermodynamics. 
Suppose there exists an event horizon radius r+ = r_|_(r) of the metric (14. 6p . such that 
A(r+, r) = 0. Then the mass of a black hole is given by 

M{r^, r) = (^(r)"^ + - ^K,(r) r^) • (4.10) 

Its entropy has the form 



Sir) = ^ = nrl, (4.11) 

and Afiir) is the area of a black hole. The Hawking temperature for the horizon is 
determined by 

= ^ , (4.12) 



^Such a situation also occurs in the case of domain walls 
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where is the surface gravity at the horizon 



<r+) = -\^.'{r+,T)\ 



(4.13) 



As mentioned above, we have Vo(r) G IR for r 7^ tq. Thus, the metric (14. 6 p have three 
backgrounds which can be spht into the following cases. 



4.1.1 The ^0(7-) > case 

In this case we have a situation which is the case of dS backgrounds. Here, it has in 
general three horizons with radii denoted by rc-,rj^,r-, 



Tr = rAr 



r+(r) f_ = r_(r) , (4.14) 

and fc > > which are the positive roots of (14.71) [^. The radii have three physical 
meanings: fc is the radius of the cosmological horizon, is the radius of the event horizon, 
and f_ is the radius of the Cauchy horizon For such a situation, the necessary and 
sufficient conditions are 



< VUr) < 



1 



WnT) 



where 



Me(fe,r) 



3a(r) 



Me(fe,r) < M(f+,r) < Me(fo,r) 



(2a(r)K,(r))-^/^ 1 - (l - Wo{r)VUr)) 



1/2 



1/2 



is the mass of the black hole whose two horizons coalesce, namely 
f+ = r_ ^ fe = (2a(r)Vo(r))-^/' " (l " ^Voir)VUr)) 



(4.15) 

2+{l-4Vo{T)VUr)Y^''_ 
(4.16) 



,1/2 



1/2 



(4.17) 



for some finite r. Meanwhile, Mc(r) is defined as 

Me(fo, r) ^ 



Mr) 



2a(r)\/o(r))-V2 1 + {l - 4Vo{r)VUr)) 



1/2 



1/2 



2-(l-4\/o(r)r3°HW)'^'^ 
(4.18) 



is again the mass of the black hole whose two horizons coincide with 

f, = f+ = fo = {2a{T)Vo{T))-'/^ + (1 - 4K)(r)VB°H(r)) 



1/2 



(4.19) 



for some finite r. In general, if fc > ''^+ and f+ 7^ f_, then f+ > fg > f_. The conditions 
in (I4.15P are the generalization of the previous results in [T71 [18], |19] . 

Let us consider some cases as follows. For f+ = f_, we have a black hole which is 
referred to as a cold black hole with vanishing Hawking temperature (14.120 at fg |18] . 
Note that the Hawking temperature is non-zero at the outer horizon, i.e., at fg, namely 



27r 



(4.20) 



^The fourth root of (|4.7p is negative and therefore, has no physical meaning. 
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If Tc = Tj^ > f-^ then we have a special solution called a family of dyonic Nariai-like 
black holes. Let us first assume that such a situation occurs at finite t = r„ 7^ tq. In this 
case, the radial coordinate r is no longer suitable to describe the region around fc = f_|_. 
Then, one has to set the spacetime coordinate transformation [201 EI] 



r = ro + ^cosx, = /S.Qet , (4-21) 
evaluated at r = r„ with < £ ^ 1 and 

1/2 

(4.22) 



2K)(r„)(l-4Vb(r„)yjOH0 

Ao = Ao(r„) = 



1+(i-AVo{t.^)V^^{t^] 



1/2 



where we have also assumed that o"(r„) is finite. So, we obtain = fg + e at x = and 
f_|_ = tq — e aX X = ^ ■ Next, inserting (14.211) into the metric (14. 6 p and taking the limit 
£ — > 0, the resulting metric has the form 

ds^ = {dx^ - sm\d^^) - ^ {de^ + sin^e dcj)') , (4.23) 

Ao So 

where Aq + Sq = 2Vo(t„). If we have fc = f+ for some finite r, then we just replace 
r„ by r in and K2^ . Since (T(r) > for all r, the topology is S^'^ x with 

different radii. In this case the Hawking temperature vanishes at fo, but it is non-zero at 
f_. The metric (I4.23P is again a generalization of those in the literatures, for example, in 
[201 [211 [22]. 

Another interesting aspect is a case where A(r, r) has a triple root. Such an object 
is an ultracold black holes with vanishing Hawking temperature [18]. In this case, M(r), 
l^gjj(r), and Vo(r) can be written as functions of the root0. 

Finally, we consider a case where A(r, r) does not have double roots, but it must have 
two distinct roots, namely fc and f+ such that this black hole has the same Hawking 
temperature at fc and f+. So, for the case at hand, we have the condition 

|A'(f„r)| = |A'(f+,r)|, (4.24) 

which follows 

M\t) = . (4.25) 



Such a black hole is called lukewarm black hole [18] because the Hawking temperature 
does not vanish at fc, f+ and f_. 

4.1.2 The Vo{t) = case 

In this case we have Minkowskian backgrounds. Here, the function (14. 7|) has at most two 
different positive roots describing the radii of two horizons 

f± = f±(r) = a(r)M(r) ± \a\T)M\T) - a{T)-' V^^{t)] , (4.26) 



-"^"The form of the functions is similar to the simplest case in [T^. See [18] for details. 
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where r+ and r_ are the radii of the event and Cauchy horizons, respectively. Our interest 
is to take the case where the radii (14.261) are real, and therefore we obtain the condition 



(4.27) 



where M(r) is the black hole's mass given by 



M(r) ^ M(^, r) = ir+ (a{r)-' + 

2 \ a^{T)r^ 



(4.28) 



If the equality holds in (14.271) . then two horizons coincide. Similar as the previous 
case, we assume that such a situation occurs at finite t = Td ^ tq. Then, defining the new 
radial coordinate at r = r^, namely r = p + Mijd), the metric ( 14. 6p in this case becomes 
simply 



rf.^ = ^(r,)-Ml + ^nr.. 



P 



dt'-aiTd) 1 + 



P J L 

(4.29) 

for finite Mijd). If the equality holds for some finite r, then we just replace by r. 
Near p —>■ +oo, the metric fl4.29p turns into a flat metric, while near horizon, i.e. p 0, 
the geometries become AdSi^i x S*^ which are conformally fiat since (T(r) > for all r. 
In other words, we have a family of conformally fiat spacetimes called Bertotti- Robinson 
spacetimes [23] 0- 



4.1.3 The Vo{t) < case 

Here, we have AdS backgrounds. For the case at hand, there exists generally two distinct 
positive roots f+ and f_ of (14.71) representing the radii of the event and Cauchy horizons, 
respectively. This is possible if the mass of black holes M(r) satisfying 



where 



Me(fe,r 



1 



M(r) > Me(fe,r) 



1/2 



3a{r) 

is the mass of the black hole whose two horizons coalesce with 
r~+ = f ^ r~e = (-2a(r)K,(r))-^/^ [(l - W,{T)VUr)) 



1/2 



(4.30) 

2+{l-AVo{r)VUr)Y^''_ 
(4.31) 



,1/2 



1/2 



(4.32) 



The equations (14.311) and (I4.32p are the generalization of the previous results studied, for 
example, in [T8l [25] . 



^For a review, see for example in 
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4.2 Vacuum Geometry and Morse Theory 



In this subsection we draw our attention to discuss a vacuum geometry defined in (14. ip 
and ( I4.2p that describes non-supersymmetric vacua related to the black hole geometry 
(14.61) . The first step is to introduce some definitions as follows. 

Definition 4.2.1. A suhmanifold'M.y that describes critical points of the scalar potential 
V{t), is defined as 

= {po G M I d,V{p^) = 0} C M , (4.33) 

where M a Kdhler manifold generated by \2.1\) and pQ = (^Zq{t) , Zq(t)Y M^, is char- 
acterized by the quantities {niy, X^) where rriy = rriy^r) and A„ = At,(r) are the dimension 
and the index of respectively. 

Note that the index A„ is the Morse-Bott index related to the number of negative eigenval- 
ues of the Hessian matrix of V{t), whereas the dimension m., corresponds to the number 
of zero negative eigenvalues of the Hessian matrix of V{t) o Both quantities depend 
on the flow parameter r related to the Kahler-Ricci soliton (12. ip . The trivial case for 
Definition 14.2.11 is when V{t) is constant. In a free chiral theory, such a case implies 
~ M. 

Definition 4.2.2. A submanifold Mf, that represents critical points of the black hole 
potential Vbh; is defined as 

m, = {p,em\ diV^^iPo) = 0} c m , (4.34) 

where Pq = {zo,zq). Mf, has quantities {nih, Xj,) where rrij, = mh{g,q) and Xb = Xb{g,q) 
are the dimension and the index of M.b, respectively, and May. o,re the holomorphic gauge 
couplings. 

The pair {g,q) are the magnetic and electric charges, respectively given in (13.60 . The 
trivial case for Definition 14.2.21 is when the gauge couplings Aae are constants for all 
A, S. As mentioned in the preceding subsection, (14.340 has two possible cases. In general 
we have Zo{g,q), whereas we get zq if they can be viewed as critical points of the gauge 
couplings Mat,, namely (14. 2 p is satisfied. 

Thus, from the above statements we can write down the following results. 

Theorem 4.2.3. A vacuum submanifold Mq of M describing has the form 

Mo = {poeM\ d,V{po) = diVBuiPo) = 0} Mb n , (4.35) 

whose dimension and Morse index are respectively given by (mo,Ao). Then, we have the 
following cases: 

1. For both nonconstant V{t) and V^.^, i) we have Pq = (^Zo{g , q; t) , Zo{g , q; t)) and 
the vacuum submanifold Mo has rrio < rrib, rrio < m^, and Ao = (A;,, A,,); or ii) we 
have empty set. 

^^If niy is the number of zero negative eigenvalues of the Hessian matrix of V{t), then in general 
dim]RM„ < my. Here, we particularly take dimjaM 
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2. For nonconstant V{t), hut Vbh is constant (or the gauge couplings Mky. o'^e con- 
stant) or Vbh = (or no magnetic and electric charges present) for all z, then 
Mo — M^, with Ao = A^, and rrio = rriy. 

3. If V{t) is constant for all z, but nonconstant Vbr, then Mo ~ M;, with Ao = A^ 
and rrio = rrih. 

4- If both V{t) and Vbh o^^e constant for all z, then Mo — M. 

Proof. First of all, in the case l.i), one has to solve the equations Zo{g,q) = Zo{t) for 
some z which results that some pre-coefficients in the gauge couplings A/as depend on the 
charges {g,q) and the flow parameter r. So, this concludes zo{g,q;T). Next, we consider 
some situations for case l.i) as follows. Firstly, suppose we have < ruy and M;, C M„ 
with Xb ^ Xv, then Mo ~ M;, and rrio = m-h < m^, while the index Ao = (A;,, A„) since we 
have two different indices A^ and A^,. Secondly, let m„ < mi, and M^, C M5 with A^ 7^ A„, 
then it follows Mo ~ M„ and nio = < mi, and Ao = (Aj,, A„). Finally, if Mo C M^ and 
Mo C M^ with Afo 7^ A^,, then Mo ~ M;, fl M^, is nonempty and mo < mi,, m^ < m^, and 
= (At, At,). The case l.ii) exists if Zo{g,q) 7^ Zo{t) for all z. The case 2.) follows from 
Definition 14.2. II because the second derivative of I^bh vanishes for all z*, while the case 3.) 
is coming from Definition I4.2.2[ because the second derivative of V{t) is trivial for all z^. 
The last case is trivial. □ 

We write some remarks here. There is a special case mentioned above, namely, when the 
condition (14.21) is fulfilled. In this case, we only have po = (zo(t), ^oIt)) • Precisely, this 
can be easily seen in a theory where the gauge couplings simply have the form 

A/'as = f{z)6^j: , (4.36) 

for arbitrary holomorphic function f{z). Then, the condition (14.21) becomes dif{z) = 0. 
For example, if f{z) = ao + biz'^ with 60, h G IR, then the vacua demand bi = but 60 7^ 
for all z^, and diV{T) = for some z\ Here, the second derivative of Vbh vanishes for all 
z^ and thus, we obtain Mo ^ M^. 
Also, we have 

Corollary 4.2.4. For both nonconstant V{t) and Vbh, the vacuum submanifold Mo has 
the dimension mo{g, q; t) and the index Xo{g, q\ t). 

Proof. Since z^i^g, g; r), then we have mo{g, q; r) and Ao(5', q',T). □ 

Some comments are as follows. Firstly, in general we have a situation where ZQ{g,q]T) 
which is referred to as a dynamic case. Such a situation occurs if the scalar potential 
V{t) at least is nonconstant. If V{t) = for all z and r, then (mo, Ao) are independent 
of T which is referred to as a static case. Secondly, if Mo is an empty set, then we may 
possibly have discussed in Section [51 

In the following we consider a special case. Let the charges {g, q) be fixed, and so 
only the Kahler-Ricci flow (12. ip plays an important role in controlling the nature of the 
vacuum geometry Mo. In the case at hand, we obtain 

Theorem 4.2.5. Let Mq be an m^- dimensional submanifold of M with index Ao in 
< r < Ti and Ti < Tq where tq is the internal singularity of the Kahler-Ricci flow Ii2.1\) . 
Then we have the following cases. 
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1. Mo deforms to an rho- dimensional suhmanifold Mo C M o/ the index Ao in Ti < 

T < Tq. 

2. Mo deforms to an rha- dimensional suhmanifold Mo C M of the index Xo in t > tq. 

The proof of the above statements is similar to the case of domain walls studied in [H H] . 
We have assumed that the Kahler-Ricci soliton (12. ip is well defined everywhere for r > 
and r ^ Tq. 



5 Extremal Dyonic Bertotti- Robinson-like Black Holes 

This section is devoted to discuss a case which is similar to the model in [T3] which is 
called a family of extremal dyonic Bertotti-Robinson-like black holes which are also non- 
super symmetric In the case at hand, the scalar fields are frozen with respect to 
r near the horizon of black holes. This section is organized into two parts. The first 
part is to consider general aspects of extremal Bertotti-Robinson-like black holes near 
the horizon, whereas in the second part we discuss the relation between effective vacuum 
structure and Morse theory in detail. 



5.1 General Description 

As mentioned above, near the horizon we have z^' = 0. Furthermore, the metric (13.51) in 
this limit becomes a product of two families of surfaces, namely M^'^ x S"^, where M^'^ 
and S"^ are families of two dimensional surfaces and two-spheres, respectively. Thus, the 
functions in (13. 5p has the form 

I I^A" + U'iA' - B'] 

C = Inr;,, (5.1) 

assuming t ^ tq. The quantity rh = rh{g, q; t) is the radius of S"^, while the first equation 
in (15. ip determine the shape of M^'^ with i = £{g, q; r). 

Then, in the near-horizon limit the equations in (13. 7p read 

\ = i^BH + Vh{t) , 



iv^BH - ynir) , (5.2) 



4 



and ph = {zh,Zh) where we have defined 

V,{t) = V{p,;t), (5.3) 

hm 2;* = zl . 

r^rh 



^•^An extremal dyonic Bertotti-Robinson black hole appears as a non-supersymmetric black hole in four 
dimensional N — 2 supergravity with FI terms 15J. In our case, the FI terms are replaced by the scalar 
potential (|2.5p . 
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The solutions of fl5.2p are given by 



(5.4) 



dz 
where 



[Ph) = 



1 - y/l - AVj^nVir) 
Kfr(r) = (5.5) 



is called the effective black hole potential [15] and 

KffM = V;ff(p,;r). (5.6) 

The last equation in (15.41) shows that near the horizon the scalars Zh can be viewed as the 
critical points of Ves in the scalar manifold M and moreover, we have Zh = Zh{g, q; t). In 
this case the black hole entropy simply takes the form [16] 



S{r) = ^ = -nrl = tt^Ut) . (5.7) 

Some comments are in order. As mentioned in the preceding section, the black hole 
potential Vbh > 0, while the scalar potential V{t) is not necessarily positive. Therefore, 
the effective potential Kff(T) takes the real value with necessary condition 

VbuV{t) < i , (5.8) 

while the equal sign is forbidden by the regularity of the first order derivative of the 
effective black hole potential (15. 5p . We additionally have 

limV;fr(^) = Vbh, 
lim V^sir) = 0. (5.9) 

Vbh-*0+ 

Using the above results, we can then write the following statement: 

Theorem 5.1.1. For B = the entropy ( [5. ?] ) is strictly positive, namely S{t) > 0, if 
and only if M^'^ is a family of Einstein surfaces where 



1. forB = -A, M^'i ~ AdSi 



1- 



2. forB = A, M^'i ^ dSi^i. 

Proof. Using the fact (15.81) . it is straightforward from the second equation in (15. 4p that 
£ > ensures Vcs{t) > and vice versa for all r and r ^ tq. For B = —A, we get the 
constant A2 = —i and so M^'^ ~ AdSi^i. On the other side, in B = A case we have 
A2 = i and so M^'^ ~ ' □ 

Let us make some remarks here. As observed in \15l, in the case at hand the spacetime 
is not conformally flat since the radius of AdSi^i given by = does not equal to the 
radius of S"^, namely rh- Such a situation also occurs in the case of dSi^i and the cases 
considered in subsection 14.1.11 Next, the positivity of the entropy (15. 7p restricts > 
for all T and t ^ tq which means that the Kahler-Ricci flow keeps the topology of S"^ for 
all r and r 7^ Tq. 
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5.2 Effective Vacuum Geometry and Morse Theory 

First of all, let us introduce the definition of an effective vacuum geometries as follows. 
Definition 5.2.1. A submanifold Mg defined as 

Me = {pheM\ 9,Kff(Ph) = 0} C M , (5.10) 
is called the effective vacuum manifold. 

It is important to notice that the points ph 7^ Po where pQ is given by (14.351) and thus,j9/i 
are not the critical points of the scalar potential (12.51) and the black hole potential (13.81) . 
We have then 

Theorema 5.2.2. For S{t) > 0, the effective vacuum manifold Mg can be split into the 
following cases: 

1. For nonzero VcsiT), ISA^ has the dimension me{g , q; t) and the Morse index X{g,q;T) . 

2. IfVij-) 0, then Mg ^ M;, where M;, described in Definition \4-2.S\ 

Proof. For case 1, since = Zh{g,q]T), so from the Hessian of V"cfr(T) we have the 
dimension mf.{g,q]T) and the Morse index Xe{g,q;T). Then, it is straightforward using 
(15. 9p to prove the case 2. □ 

We write some remarks as follows. If both Vbh and V{t) are constant and nonzero, then 
Mg ^ M which is the trivial case. From (15. 2p and (15.41) . one can then show that if 
Vbu — >■ 0^, then we have a singularity which shows that S{t) = is naturally forbidden 
in the model. 

In particular, by fixing the charges {g, q) one can then reproduce the case considered in 
Theorem 14. 2. 51 because only the Kahler-Ricci soliton determines properties of the effective 
vacuum manifold Mg. 



6 Simple Models 

In this section we consider some simple models in which the ingredients can be mentioned 
as follows. The Kahler potential of the theory has the form 

ir(r) = (T(r) ln(l + , (6.1) 

where = S^jz'^z^ and 

a(r) = l-2(ng + l)r , (6.2) 

which means that the Kahler-Ricci equation is (EP"" for r < l/2(nc + l) and then becomes 
(DP""" for r > 1/2 (ng + 1) p. The gauge couplings and the superpotential are given by 

A/'as(;2) = (&o + M*)'^As, 
W{z) = ao + aiz' , (6.3) 
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respectively, with oq, Oj, 60, h G JR. In addition, we set o"(r) = 1 for all r. The black hole 
potential and the scalar potential are 



V{t) = {l + x' + y 



{bo + kx') J" (60 + hx^) {bo + hx') 
1 (T(r) 



2 , „2N(l+a(r))/M- 



i\2 I „,jN2 



2ao, , 1 /^o , ^(^)^ / (ao + ciia;*)^ + (aj?/*) 



„-(ao + a,a:^)-— ^ 3 , . 



(6.4) 



respectively, where we have introduced coordinates x*, G IR such that = + i?/* and 
defined some quantities 

9^ = 5ae 9^9^ , 9(1 = 9^<lA , 

^2 ^ ^As q^q^ ^ = (j^^^fj^. {^■'^) 
x^ = 6ij x'x^ , y'^ = 6ij y'y^ . 

6.1 Simple Models for Reissner-Nordstrom-like Black Holes 
6.1.1 The First Case 

Let us first begin to construct the case where at the vacua we have fcj = for all z coming 
from the first derivative of the gauge couplings, and diV{po] t) = 0. For the case at hand, 
the black hole potential Vbh at po becomes 

^B°H = &o^7^ + f , (6.6) 

which is positive with 60 > 0. It then follows that the vacuum geometry is nothing but 
M^, with Kahler potential given in (16.11) . 

First of all, we simply take Zq = 0. In this case we find 

2 

diV{0;T) = -j^aQai = , (6.7) 

which can be split into two cases as follows. The first case is = for all i and ao 7^ 0. 
The scalar potential (12.51) then becomes 

m.)=-g. (6.8) 

which is independent of r. The Hessian matrix of the scalar potential (12. 5p is simply 
diagonal matrix 

2(T(r) . , ,2 



d,djV{0;T) = -^^S,j\ao\' . (6.9) 

Thus we have isolated unstable dyonic black holes with AdS backgrounds whose Morse 
index is 2nc for r < 1/2 (rZc + 1). Then, they change to for r > 1/2 (nc + 1) describ- 
ing stable dyonic black holes as the geometry evolves with respect to the Kahler-Ricci 
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equation. On the other hand, the ground states turn out to be degenerate Minkowskian 
spacetime if = 0. 

The second case is Oj 7^ for some i and Oq = 0. The scalar potential (12. 5p has then 
the form 

V{0;T) = a{T)-^a\ (6.10) 

where = d^^aiUj. The non-zero components of the Hessian matrix of the scalar potential 
(12.51) given by 

a4\/(0;r) = (1 + a^5., + (^1 _ a, a, . (6.11) 

In this case are, for 7^ we have dyonic black holes with three different backgrounds, 
namely dS backgrounds for r < 1/2 (nc + 1) and AdS backgrounds for r > 1/2 (ric + 1), 
while Minkowski backgrounds occur around r — > ±00. Note that the latter case happens 
also for = 0. These situations are strong evidences of our previous statements that the 
parameter r indeed controls the shape of the black hole geometry. In addition, the black 
holes are stable if all eigenvalues of (16. lip are positive. 

Finally, we turn to discuss a dynamic case in which for the shake of simplicity we 
consider it near the origin, namely 2; ~ for finite r. In addition, it is convenient to take 
ric = I and < ao ^ Oi. Then, by setting diV^r) = 0, we get 

2(T(r) ao , criT)\~^ 



Z/o = 0, (6.12) 
and the scalar potential (12. 5p is given by 

So, in the case at hand the origin is the singular point at r = 1/4. 
6.1.2 The Second Case 

Here, we consider the case where in general the vacua are defined by 

diVBH = and ^^^A^ ^ , 

diV{T) = . (6.14) 

In addition, we simply consider = 1, but > 1. Then, we take ao = 0, while ai, Bq, bi 
are non-zero. After some computations, we find 

yo = 7-^ , (6-15) 

where 

2 \ 1/2 



bi 



^ {gqfg ^ + [-bo + g V^^^^ - ia^) 

^ (5 + 2(T(r)Mp' - a(r)- (2 + a(r)Mp2) - 1 



(6.16) 
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The model is consistent if 



r < -(1-Mi) . 



Inserting fl6.15p to the black hole potential in (16 .4^ . then it simply has the form 



which is positive since 



> {gqf . 



(6.17) 

(6.18) 
(6.19) 



6.2 Simple Models for Bertotti-Robinson-like Black Holes 

Taking ric = 1 and > 1, the simplest case of the model is when = ai = 0, namely 
W(z) = 0. Then, the vacua are nothing but the critical points of Vbh- If &i = for all 
z, then the vacuum geometry is described by the Kahler potential (16. ip for ra^ = 1. The 
black hole potential becomes simply (16. 6p and the positivity of the entropy (15. 7p implies 
6o > 0. On the other side, if 6i 7^ for all z, then we regain (16.150 but (16.160 and (I6.17P 
do not exist. In this case, the black hole potential is given by (I6.18P satisfying (I6.19P since 
the entropy (15. 7p is strictly positive. 

Next, we consider a case where W{z) = ao ^ and bo ^ bi > 0. In addition, we set 
gq = 0. Then, by simply taking that the effective vacuum exists near the origin, namely 
Zh ^ 0, it results 



Vh 



Abo 
, 



big' 



(7 r 



(6.20) 



with r 7^ 1/4. The effective black hole potential (15.50 has the form 



Ml 



^(60 + b^Xh)-' ((60 + b^x^yg^ + - 1 




(6.21) 



which is already positive. 



7 Conclusions 

So far, we have discussed some aspects of non-supersymmetric spherical black holes of four 
dimensional = 1 supergravity coupled to vector- and chiral multiplets. Moreover, 
the scalar manifold can be viewed as a one-parameter family of Kahler manifolds gener- 
ated by the Kahler-Ricci flow (12.11) which may also induces a family of four dimensional 
spherical black holes given by the ansatz metric (13.50 . Such black holes belong to the class 
of solutions of the set of equations of motions such as the Einstein field equation (13. ip . the 
gauge field equation of motions (13.20 . and the scalar field field equation of motions (13. 3p 
which can be derived by varying the action related to the Lagrangian ( 12. 2p with respect to 
gfj^iy, A^, and and correspondingly, taking the necessary condition, namely the variation 
of the flow parameter r vanishes. For the case at hand, the coordinate redefinition cannot 
generally be employed since the ansatz (13. 5p varies with respect to the flow parameter r 
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which may have a singularity at finite r causing the topological change. Therefore, we 
can only do the coordinate redefinition at a particular value of r. 

In particular, two models of extremal dyonic black holes have been considered, namely 
Reissner-Nordstrom-like and Bertotti-Robinson-like black holes. Our results can be men- 
tioned as follows. 

In order to obtain the extremal Reissner-Nordstrom-like black holes, the first step is to 
take the condition (14. ip in which it can be split into two statements as follows. Firstly, the 
scalar fields have to be frozen with respect to the radial coordinate r, namely z*' = 0. 
Secondly, the points z^^g, q; r) are the critical points of both the black hole potential Vbh 
and the scalar potential V{t). 

Then, the second step is that the function C(r, r) in the region has the form (14. 3 p 
which shows that the Kahler-Ricci soliton indeed induce the area deformation of S"^ de- 
scribed by o-{t). However, to get a consistent picture we should have aij) > for all r. 
Finally, the background geometries of black holes should be a family of four dimensional 
Einstein manifolds, namely de Sitter, Minkowski, and anti-de Sitter, which can be seen 
from the uncharged black holes (Lemma I4.1.ip . 

Using the above setup, one can then obtain the extremal Reissner-Nordstrom-like 
black holes given by Theorem I4.1.2[ In the de Sitter backgrounds, namely Vo(t) > 0, we 
have a rich and complicated structure. The black holes have generally three horizons with 
radii fc, f+, f_, and r,, > r+ > r_ satisfying the conditions (I4.15p . The minimal black hole 
mass in the case at hand is Me(fe, r) given by (I4.16P describing black holes with f_|_ = f_. 
Meanwhile, the maximal mass is Mc(fo, r) representing black holes whose two horizons 
coincide, namely fc = f+. Such black holes are referred to as a one-parameter family of 
Nariai-like black holes whose metric has the form (I4.23P and the topology is S^'^ x S"^ 
with different radii. On the other side, in Minkowski or anti-de Sitter backgrounds we 
only have two horizons with radii f_|_ , f_ , and f+ > f„ . These horizons exist if the condi- 
tions (14.270 (for Minkowski backgrounds) and (I4.30p (for anti-de Sitter backgrounds) are 
satisfied. 

Furthermore, as mentioned above, we have a class of vacua spanned by ZQ{g,q]T) 
which are the critical points of both the black hole potential Vbh and the scalar potential 
V{t). Such vacua can be viewed as a vacuum submanifold Mo whose dimension and 
Morse index are respectively given by (mo,Ao). There are five possible cases for Mq as 
follows (Theorem 14.2.30 . In the case when both Vbh and V{t) are nonconstant we have 
two possible cases, namely the empty set and the vacuum submanifold Mo — M5 fl M„ 
with {mo{g,q;T), Xo{g,q;T)) and mo < m^, rrio < m^. The other three cases are in the 
following: Firstly, when V{t) is nonconstant but Vbh is constant for all z, so we have 
Mo — Mi, with Ao = \v and mo = m^. Secondly, if V{t) is constant for all z but Vbh is 
nonconstant, then Mo ~ M;, with Ao = A;, and mo = nib- The last case is the trivial case. 
Mo ~ M. 

In the extremal Bertotti-Robinson-like black holes, we assume that near the horizon 
the scalar fields satisfy z^' = and the near-horizon geometries have the form M^'^ x S"^, 
where M^'^ and S"^ are families of two dimensional surfaces and two-spheres, respectively. 
We particularly consider a case where in this limit the functions B{r, r) = ±A{r, r) and the 
function C(r, r) has the form given in (15.10 . Imposing the positivity of the entropy (15. 7p 
one then finds that for B{r, r) = —A{r, r) we have M^'^ ~ AdSi^i, while B{r, r) = A{r, r) 
we get M^'i ~ dSi^i (Theorem EUl]). 

In this model, the class of vacua is referred to as the effective vacuum submanifold 
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Me spanned by zl^{g,q;T) which can be viewed as the critical points of the effective 
scalar potential defined in (15. 5p . The effective vacuum submanifold Mg has the dimen- 
sion me{g, q; r) and the Morse index Xe{g, Q] t). In the case where V{t) ^0, then we get 
Me ~ Mfe where M;, described in Definition I4.2.2[ 

We have also considered some simple models where the scalar manifold is diffeomor- 
phic to (DP""= for r < 1/2 (ric + 1) and both the gauge couplings and the superpotential 
have the linear form given in (16.31) . For the Reissner-Nordstrom-like black holes, we gave 
two cases. The first case is simply setting fej = for all i and taking the origin zq = and 
its neighborhood ~ 0. At the origin we finds that in = for all i and case 
one gets isolated unstable dyonic black holes with AdS backgrounds for r < 1/2 (ric + 1) 
and then, turn to stable dyonic black holes with AdS backgrounds for r > 1/2 (ric + 1). 
The other possible case at the origin is Oj 7^ for some i and Oq = such that 7^ 0. In 
this case we have dyonic black holes with dS backgrounds for r < l/2{nc + 1), while they 
change to dyonic black holes with AdS backgrounds for r > 1/2 (ric + 1)- On the other 
hand, dyonic black holes with Minkowski backgrounds occur around r ±00 or = 0. 
Next, around the origin we simplify the model by taking = 1 and < Oq < ai- So, 
after some computations one gets yo = and xq{t) given in (16.121) . 

The second case of the Reissner-Nordstrom-like black holes is for bi = for all i. 
Similar as above, it is convenient to set ric = 1 and ao = but the other pre-coefficients 
are nonzero. In the case at hand, we have {xo{g, q; r), yo{g, q; r)) because bi{g, q; r) given 
respectively in (I6.15P and (16.161) . This model exists only for r < ;|(1 — Mj,). 

Finally, we gave some examples of the Bertotti-Robinson-like black holes. The sim- 
plest case is when the superpotential W{z) vanishes for all z which follows V{t) = for 
all z. Thus, the vacua can be regarded as the critical points of Vbh- Firstly, by taking 
simply hi = the vacua is described by (DP^ for r < 1/4 and then becomes (£P^ for 
T > 1/4. The entropy is positive if 60 > 0. Secondly, for 61 7^ we obtain (I6.15P and bi 
is arbitrary. The entropy of the model is indeed positive since g'^q^ > {gqY- 

Next, we consider another model in which we set W{z) = ao 7^ 0, 60 ^ ^1 > 0, and 
gq = 0. The effective vacua indeed exist around the origin and have the form given in 
(I6.20p and the entropy of the model is already positive ensured by (I6.2ip . 
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A Convention and Notation 

The aim of this appendix is to assemble our conventions in this paper. The spacetime 
metric is taken to have the signature — , — , — ) while the Riemann tensor is defined 
to be -R^^p^ = d,T^^^ - dxT^,^ + Tl^T^^^^ - Tl^T^^^. The Christoffel symbol is given by 
F'^^ = \g^'^{dugpa + dpgua — d^g^p) where g^i, is the spacetime metric. 

We supply the following indices: 
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//, V - 


= 


3 


lalipl nirvpd fmir dimPTisioTial snarptimp indiops 


hj,k = 


1,.. 




label the number of chiral multiplets 




1,.. 




label conjugate indices of i, j, k 


A,E,r = 


1,... 


, fly 


label the number of vector multiplets 



Some quantities on a Kahler manifold are given as follows, gfj denotes the metric of 
the Kahler manifold whose Levi-Civita connection is defined as r'^^ = g^^dig^i and its 
conjugate F'^ = g^^^ig-j^. Then the curvature of the Kahler manifold are defined as 

R% = d^T\^ , (A.l) 

while the Ricci tensor has the form 

R,- = Rj, = R\.^ = djr\, = dkd-j In (det(^,j)) . (A.2) 
Finally, the Ricci scalar can be written down as 

R = g^R^ . (A.3) 
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